MAT1332 additional practice problems

The practice problems here are in addition to the material given in the
suggested exercises, the assignments and the tests.
The problems here do NOT represent a sample exam.

. Find the volume of the solid obtained by rotating the area bounded by y = 40 — 2%, y =3, 2 = 1
and x = 3 about the z-axis.

Sol. See the following Figure 1,
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Figure 1: The illustrative graph of Question 1.

denote A;(z) = 4z — 2 and Ay(x) = 3, we know that The volume of the solid is given by
V= V-1
3 3
= / (AL (z))*dx — / m(Ay(z))?dx
1 1

3 3
= / m(dx — 2*)*dx — / 7 - 3%dx
1 1

3 3
= / 7r(16a:2—8x3+:c4)dx—/ Irda
1 1
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2. Consider the system

2 = V3r+2y
y = 11x—\/§y

a) Show that (0,0) is the only equilibrium.

b) Write down the Jacobian matrix.

c) Show that the eigenvalues are A = £5.

d) For each eigenvalue, find the corresponding eigenvectors.

(
(
(
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Sol.

(a) Set 2/ =0 and y = 0, we have

\/§x+2y =
11z — /3y

Solving the above linear system for x and y, we obtain the unique solution x = 0 and y = 0.

(b) The Jacobian matrix is given by

16 )

(c) Note that tr(J) = 0, and det(J) = —25, so the eigenvalues are given by

CA \/(tr(j))2 — det(J) = +v/25 = +5.

2
(d) For A\; =5, we have

[ V3 -5 2 | 0 —22 2(v/3+5) | 0
3+5)R -R
11 —/3-51] 0 (V3+5)R, 11 —v3-5 [ 02"
[ 11 V345 | 0 o n | 1 V3+5 | 0
11 —3-5 1] 0]=2—23| 0 0 | o
Set x5 as the free variable, i.e., x5 = ¢, from the first row, we have —11z; + (v/3 4 5)zy = 0 to solve
for x1, then 1 = %t. Thus, the corresponding eigenvector is
V345
=[]0 wror

For Ay = —5, we have

(V345 2 | o}(\/g_f))Rl[—m 2(v3—5) | OFRl

1 —V3+5 | 0] 11 —V3+5 | 0]2"
[ —11 -5 0 —11 -
V35 | 00 g, V3=5 10
11 —3+5 | 0] ——=] 0 0 |0
Set x5 as the free variable, i.e., x5 = t, from the first row, we have —112; + (v/3 — 5)zy = 0 to solve
for x1, then 1 = ‘/i’ 2¢. Thus, the corresponding eigenvector is




3. Evaluate f14 eVidz,

Sol. Let u = /x, then du = %\/Lid:c, i.e. dr = 2udu. The integration limits are changed from x = 1
and z =4 to u =1 and u = 2. So by integration by parts, we have
9 2
-2 / e'du
1 1

4 2 2
/ eVidy = / e" - 2udu = 2/ ude” = 2ue"
1 1 1

2 2 )
U= 2e" = 2e”.
1 1

2ue

4. Evaluate ff In(z?e®)dx,

Sol.
2 2 2 2 2
/ In(z?e")dr = / (In2? + In e”)dx :/ (2lnz + x)dx = 2/ lnxdx+/ xdzx
1 1 1 1

1
9 2 1 2 9 2 2

—2/x~—da:+/ xzdr =2xInzx /da:+/ xdx
1 1 x 1 1 1 1

2 2 1 .2 1
= 2x1n:p’ —Qm‘ —I——x2‘ =4In2 — —.
1 1 2 N 2

= 2zlnz

5. Evaluate [ (2x—1d:r,

Y(z+1)
Sol.
20 —1 A N B Alx+1)+B(x+4) (A+B)x+ (A+4B)
(z+4D(xz+1) z4+4 z+1 (z+D@+1) (z+4)(x+1)

Setting A+ B =2and A+ 4B = —1, we have A =3 and B = —1. Hence

20 —1 3 —1
de = dr =31 4] —1 1|+ C.
/(x+4)(x—|—1) v /x+4+x—|—1x nfe 4] =lnfr+ 1]+

2241
6. Evaluate [ "="sdx,

Sol. Note that 22 + 3z +2 = (z + 1)(z + 2), and 2? + 1 = (2* + 3z + 2) — 3z — 1, thus
r?+1 (22 + 3z + 2) —3r—1 _ 3r+1
——————dx = dx — dx
% 4+ 3z + 2 x? 4+ 3z + 2 22+ 3z + 2

3x+1 A N B Alx+2)+B(x+1) (A+B)x+ (2A+ B)
24+3r+2 o+1 24+2  (z+D(x+2) (x+1)(z+2)

However,

Setting A+ B =3 and 2A+ B =1, we have A = —2, and B = 5. Finally
2+ 1 3z +1
T dr = dr —
/:c2+3:c+2 o / v /x2—|—3x+2

:/d —/ dx
x+1 x+2

= z+2ln|z+1|-5n|z+2|+C.




8 ‘
fx)=(x—1)%-1

T g(x)=—x+2
6l 4
5l 4
4 4
3l
ol 4
1 4
ol 4

g

= -1 o 1 2 3

Figure 2: The graphs of f(x) = (z —1)*> — 1 and g(z) = —z + 2 in Question 7.

7. Find the area enclosed by the following two functions f(z) = (x — 1) — 1, g(z) = —x + 2.
Sol. Find the bounding curves are graphed in Figure 2.

To find the points where the two curves intersect, we solve
(-1 -1=-z2+2<<= (z+1)(z-2)=0
Therefore, = —1 and x = 2 are the x-coordinates of the points of intersection. The area of enclosed

by f(x) and g(z) is given by

/ 1f@) gl / l9(@) — f(@))dz

-1

— /pr+2_(x—1f+1mx

-1

2
= / [~z 4+2—2*+22 — 14 1]dz

-1
2

1 1 2 9

= /1[—m2 +x + 2]dx = [—§x3 + 5172 + 2] bt

8. Does the integral f02 mdl‘ converge? If so, to which value?

Sol.
2 1 1 1 2 1
| a=mte = | gt ) et

3 3
= —5a —2)i| — 50 — x)i
3 3
= 04+--—S40=
+2 2+

9. Does the integral f02 ﬁdl‘ converge? If so, to which value?
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10.

11.

12.

13.

Sol.

L, 1y R
/0 w1 / (z— 1) “/1 (w1
- e —ie oo
-3 o 3 1
1
= —oo—g—g—i-oo

So this integral doesn’t converge.

Does the integral f02 mdx converge? If so, to which value?

Sol.

2 1 1 1 2 1
/_dx:/_dﬁ/—
o (z—1)%° o (xz—1)%5 (= 1)%5

5 5
= g(:;;—1)% 0+§(x—1)% 1
5 5
= 0-—-+--0=0.
3 * 3
Does the integral fooo ﬁdm converge? If so, to which value?
Sol.
/oo L o(c + 1)3| 2
r = 2« =00 —
o Vx+1 0

So this integral is divergent.

Solve % = /3t + 1 with z(0) = 1.

Sol. This differential equation is a pure time differential equation.

d
d—f — V3i+1
dr = +/3t+ 1dt
/dx = /\/3t+1dt
1 2 3
- S fBtritc
x 3 3( +1)2 +
2 3
z(t) = 5(3t—|—1)2 +C

Applying I.C. z(0) = 1, we obtain C' = g. Thus the solution is
3

2 7
ot) = 531+ 1) + 5.

Solve % = 5 — 16t* with x(3) = —11.



Sol. This differential equation is a pure time differential equation.

dx
= = 516t
dt

dr = (5—16t*)dt

/d:v = /(5— 16t%)dt

1
r = 5t—§6t3+0

Applying I. C. z(3) = —11, we obtain C' = 118. Thus the solution is

16
x(t) = 5t — gt?’ + 118.

14. Solve % = 322¢% with y(0) = 0.
Sol. This non-autonomous differential equation is separable.
dy

dx
e Wdy = 3a’dx

/e_dey = /szdaj

= 3z%e%

1
_56723; = .’173 —+ C
e = —22°-2C
—2y = In(-22% —2C)
1
vy = -3 In(—22* — 2C)

Applying I. C. y(0) = 0, we obtain C' = —%. So the solution is

y(x) = —%ln(l — 22%).

15. Solve % = 22 with y(2) = 0.

= 2
Sol.This non-autonomous differential equation is separable.

dy 2x
dx Y+ e
(y+e)dy = 2xdx

/ (y +e)dy = / 2xdr

2 5y

Y € 2

L4 = C
2+5 7+

Applying I. C. y(2) =0, we get C' = —%. So the solution is implicitly given by

+ == — —.

y_2 e 5 19
2 5 5



16. Suppose that

dy _

o= y(1—-y)(y —2)

Use the derivative test to discuss the stability of equilibria.

(e) Sketch the solution with the initial conditions y(0) = 0.5 and Y (0) = 1.5 respectively.

Sol. This differential equation is autonomous.

(a) The equilibria of this differential equation are given by solving
y1=y)(y—=2)=0=up=01p=1y=2

(b) See function g—i as a function of y is graphed in the following Figure 3. From the graph of %, we
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Figure 3: The graph of g—z as a function of y in part (b) of Question 16.

know that, the slope at y; = 0 is negative, so y; = 0 should be stable; the slope at y, = 1 is positive,
so 2 = 1 should be unstable; the slope at y3 = 2 is negative, so y3 = 2 should be stable.

(c) The phase-line diagram is given in the following Figure 4.
(d) Let f(y) = y(1 —y)(y —2), i.e,, f(y) = —y* +3y* — 2y. Then f'(y) = —3y> + 6y — 2 and
f'(y1) = [f'(0)=-2<0, then y; =0 is stable;

f'(y2) = f'(1)=1>0, then y, =1 is unstable;
f'(y3) = f'(2)=-2<0, then y3 =2 is stable.

(e) The solution with initial conditions y(0) = 0.5 and y(0) = 1.5 are sketched in the following Figure
5 respectively.



Figure 4: The phase-line diagram in part (c) of Question 16.
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Figure 5: The solution curves with initial conditions y(0) = 0.5 and y(0) = 1.5 in part (e) of Question 16.

17. Considering the following predator-prey system:

dt

N —gN(1— %) —bNP
B — ¢NP —dP

dt

where N = N(t) is the prey density at time ¢t and P = P(t) is the predator density at time t. The
constants a, b, c¢,d and K are positive. Furthermore, assume that d/c < K.

(a) Find all of equilibrium points.
(b) Find the Jacobian Matrix of the system in general.

(c) Evaluate the Jacobian Matrix at the nontrivial equilibrium (N*, P*) with N* > 0 and P* > 0,
find its eigenvalues and determine whether this point is stable or not.

Sol.



(a) The equilibrium points will be given by solving

N N N
aN(l—E)—bNP = 0<:>N[a(l—E)—bP]:0<:>N:0 or a(l—g)—bP:O

d
¢cNP—dP = 0<= (¢cN—djp=0<= N=-or P=0
c

So all of equilibrium points are
(Nla Pl) = (07 0)

a

(Ny, Py) = ( b

(N3, P5) = (K,0).

(b) Let f(N, P) = aN(l—%)—bNP, and then f(N, P) = aN—£N?*—~bNP, and g(N, P) = cNP—dP.
Thus the Jacobian Matrix of the system in general is given by

J(N,P) = » N4
c cN —

a—2&N—bP —bN ]

(c) Since d/c < K, then P, = (1 — +4) > 0, thus (N, ) is the only nontrivial equilibrium. Then
evaluating the Jacobian Matrix J(N, P) at (Ns, P»), we have

[ a— 22Ny, —bP, —bN, a—2%d pe(1— Ly _pd
K K ec b Kec c
J<N27P2> - -
I Py cNy —d ct(l—+9) cd—d
- _ad _bd
. Ke c ]
ac ad
L5~V

Note that tr(J(Na, P)) = —%L and det(J(Na, P»)) = %(% — &) = ad — ‘éiKQ, then the eigenvalues
are given by

L ul(V ) i\/<t1f<J(N2’P DE et (1(Ns, )

2 4
1 ad 1 (ad)? ad?
= ‘éfci\/z(mz —edt R
1 ad 1 (ad)? d1
= AR \/z (Kep "M ox)

Note that d/c < K gives us that 1 — ¢ > 0, and then ;11((;‘1))22 —ad(l1—4%) <1 ((f(i);, which implies

that A will always have negative real parts. Hence, this nontrivial equilibrium (Ns, P») is stable.

18. Find the tangent plane to the surface
2= flz,y) = 4a® + 3

at the point (1,2, 8).



19.

Sol. The partial derivatives are given by

af
o 0
of

- — 9
dy Y

2= f(1,2) =4-1> + 22 =8, and %(1,2) =8, 20(1,2) = 4, thus the tangent plane is given by

’ Ay
0 0
Z—2zy = 8_£(x07y0)(x —x9) + a—]yf(mo»yo)(y — Yo)

z—8 = 8z —1)+4(y—2)
z = 8r+4y —8.

—4 =2
=[]
(a) Show that the eigenvalues of A are —3 and —2.
(b) Find the solution of the system of differential equations

Let

dx
dt

Y~ al) o)

= —4x(t) — 2y(t)

if (0) =1 and y(0) = 2.

(c) Draw the phase portrait of the system of differential equations given in (b).

Sol.

(a) Note that tr(A) = —4 4 (—1) = =5 and det(A) = (—4) - (—1) — (=2) - 1 = 6. So the eigenvalues
of A are given by

A:tr(QA)i\/W—det(A):?i #—6:%513

Hence, Ay = =3 and A\, = —2.
(b) For A\; = —3, we have

—443 —2 |0 -1 =2 ] 0 -1 =2 ] 0
{ 1 —1+3|0]_’{1 2 |01M{0 0 | 0
Set xq free, then xy = t, from the first row, we have, —x1 — 225 = 0. Then x; = —2f. So the

corresponding eigenvector is given by

m:{—f].

For \; = —2, we have
42 -2 |0 2 2 ]0] 1 2 2 |0
1 —1+2|0} {1 1 |o} P A

10



Set xo free, then zo = t, from the first row, we have, —2x; — 229 = 0. Then x; = —t.

corresponding eigenvector is given by
-1
Vg = |: 1 :| .

The general solution is given by

Applying 1.C., we have

HElrrd i

Solving this gives us that €| = —3 and Cy = 5. The solution is finally given by

] R R B e R R Y

{ x(t) ] — Cre ¥y + Coe 2oy = Cre® l —12 ] 4 Cye2t [ —11 } '

So the

6e 3t — He~ 2
—3e7 3t 4 5e2

(c) The phase portrait of the system of differential equations given in (b) is graphed in the following

Figure 6.
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Figure 6: The phase portrait in part (c) of Question 19.
11 -1 T 1
20. Let A= |0 3 —5]. Solve the system of linear equations A [y | = |0].
2 5 —6 z 1

Sol. Note that det(A) =1-3-(=6)+1-(=5)-2—(-1)-3-2—1-(=5)-5=3#0, so Matrix A is

11



invertible.

[a\l[an}
_ 0l
<l
S B
r~jon Bles nﬂ
|
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h
—
<

-2 -1

Thus

The solution of linear equations is given by
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